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We present a Monte Carlo technique to calculate the x-ray diffraction profiles from films with arbitrarily
correlated dislocation distributions. Both spatial integration and the integration over several dislocation en-
sembles are performed simultaneously. We explicitly consider the coexistence of misfit and threading disloca-
tion ensembles with arbitrary correlations. Using these techniques, we are able to quantitatively reproduce the
experimental lineshapes for both thin �less than 100 nm� and thick �more than 1000 nm� GaN epitaxial films
on SiC. Our calculations explain the ubiquitous lineshape observed for thin, highly mismatched films, with a
central coherent peak accompanied by exponentially decaying diffuse scattering.
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The lattice mismatch between an epitaxial film and the
substrate gives rise to elastic strain in the film. When the film
thickness exceeds a critical value, the strain energy is relaxed
by the creation of two types of dislocations, misfit disloca-
tions at the film-substrate interface, and threading disloca-
tions spanning the surface and the interface. The elastic en-
ergy is further relaxed by the development of correlations in
the dislocation positions. The correlations are qualitatively
different for misfit and threading dislocation ensembles.

The elastic energy of threading dislocations, similarly to
the case of dislocations in bulk crystals,1 is reduced by
screening of the dislocation strain fields by surrounding dis-
locations. The effect of screening on the x-ray diffraction
peak profiles from relaxed epitaxial films with threading dis-
locations has been studied both theoretically and
experimentally.2–4 On the other hand, misfit dislocations tend
to arrange periodically, to reduce their elastic energy. Theo-
retical description of the x-ray diffraction from partially or-
dered misfit dislocations has been proposed5 only in one lim-
iting case, when the mean distance between dislocations is
much smaller than the correlation length which, in turn, is
much smaller than the film thickness. The correlations of
either misfit or threading dislocations reduce the half width
of the diffraction peaks. For large dislocation densities, the
diffraction peaks possess a Gaussian shape at the center pass-
ing into a power-law asymptotic.

A quite different diffraction lineshape has been observed
for thin ��100 nm� epitaxial films with a lattice mismatch
of several percent. The x-ray diffraction experiments on a
wide variety of materials, such as metals,6–10

semiconductors,11–14 oxides,15 and ferroelectrics16,17 report
diffraction profiles consisting of a narrow central peak ac-
companied by a broad diffuse background. Different
authors6–17 finally agreed that misfit dislocations are the
source of the two-component profiles. Barabash et al.18 pro-
posed a quantitative treatment of the peaks. They noted that
the Debye-Waller factor for misfit dislocations in epitaxial
films is not zero, in contrast to the case of dislocations in

bulk crystals,19 and the coherent peak persists. However, a
detailed calculation of the coherent intensity for uncorrelated
misfit dislocations �see Fig. 5 in Ref. 5� shows that the co-
herent intensity decreases by two orders of magnitude, com-
pared to a dislocation-free film, for the film thickness equal
to the mean distance between dislocations. The coherent in-
tensity decreases exponentially with further increase in the
film thickness. This conclusion is confirmed by the calcula-
tions below shown by the green �thick� line in Fig. 1�b�: for
uncorrelated dislocations with the mean distance between
dislocations two times smaller than the film thickness, the
transverse peak already assumes a Gaussian shape, and a
coherent peak is absent. The calculations below show that
sufficiently strong correlations in the dislocation positions
are required to prevent the coherent peak.

In this Brief Report, we propose a Monte Carlo method to
calculate the x-ray diffraction of films with arbitrarily corre-
lated lattice defects. Spatial integration and the average over
defect statistics are performed simultaneously. Recently,
Holy et al.20 employed our initial idea of the Monte Carlo
calculation of the diffraction peaks. They generated just one
set of threading dislocations on random and performed the
spatial integration by the standard quadratures. Since
strongly oscillating functions make a numerical integration
very difficult, they simplified the spatial integrals using the
stationary-point approximation. In the Brief Report, in con-
trast to Ref. 20, we take into account the correlations in the
dislocation positions, perform a statistical average over the
dislocation ensemble, and perform the spatial integration
also by the Monte Carlo method.

We consider misfit and threading dislocations in relaxed
epitaxial films on an equal footing and primarily concentrate
on moderate misfits �a few percent� and film thicknesses of
several tens of nanometers, somewhat larger than the mean
distance between dislocations. Relaxation of these films
gives rise to edge �Lomer type� misfit dislocations that are
able to glide along the interface and may order to reduce the
elastic energy. We show that the diffraction profiles for thin

PHYSICAL REVIEW B 80, 033306 �2009�

1098-0121/2009/80�3�/033306�4� ©2009 The American Physical Society033306-1

http://dx.doi.org/10.1103/PhysRevB.80.033306


films can be ascribed to the ordering of misfit dislocations.
The experimental diffraction profiles for our GaN epitaxial
films on SiC can be described only by simultaneously con-
sidering partially ordered misfit and threading dislocations.
Misfit dislocations dominate in the diffraction peaks of thin
films, while threading dislocations become important with
increasing thickness. A fit of the experimental data with our
model allows us to deduce the correlation of the dominant
dislocation ensemble.

The Monte Carlo technique developed in this Brief Report
is applicable to any type of dislocation distribution and any
geometry of diffraction experiment. In the following, we de-
scribe it for the example of triple-crystal diffraction from an
epitaxial film. Then, the scattering amplitude is A�qx ,qz�
=�−�

� dx�0
ddzei�qxx+qzz+Q·U�x,z��. Here Q is the reciprocal lattice

vector and q is a deviation of the scattering vector from it,
U�x ,z� is the displacement caused by elastic fields of all
defects, x and y are the coordinates in the surface plane and
z is along the surface normal. The film is limited by the
surface z=0 and the interface z=d. In writing a two-
dimensional integral in the scattering plane xz, we assume
integration of the scattered intensity over qy by the vertical
divergence of the beam in the diffractometer. This reciprocal-

space integration is equivalent to the projection on the plane
y=0 in the real-space integral.5

The scattered intensity is I�qx ,qz�= ��A�qx ,qz��2�, where
the angular brackets � . . . � denote the average over the statis-
tics of the dislocations. Both the spatial integration and the
statistical average can be performed by the Monte Carlo
method. However, a straightforward integration over x en-
counters a difficulty, since the integrand approaches a finite
value in the limit x→�, which results in a delta-function
��qx� in the intensity. The experiment does not suffer from
this difficulty because of the finite resolution. We therefore
introduce a finite resolution in the Monte Carlo calculation to
overcome this problem.

Let us consider a measurement of diffracted intensity
I�qx ,qz� with a finite resolution R�qx�. We take into account
the resolution in the x direction only. The resolution along qz
can be introduced in exactly the same way, but is not re-
quired as long as the resolution is sufficiently high to
observe the thickness fringes. The finite-resolution intensity
distribution is obtained as the convolution I�qx ,qz�
=I�qx ,qz��R�qx�. We proceed from the convolution to the
product of the Fourier transforms and represent the diffracted
intensity as

I�qx,qz� = 	
−�

�

dx	 	
0

d

dz1dz2�J�R�x� , �1�

where

J = exp
i�qxx + qz�z1 − z2� + Q · U�x,z1� − Q · U�0,z2��� .

�2�

We require the resolution function R�x� to be normalized,
�−�

� R�x�dx=1, and rewrite the right-hand side of Eq. �1� as
�−�

� F�x�R�x�dx. One can treat this latter integral as the func-
tion F�x� averaged over the probability density R�x�. Then,
the Monte Carlo calculation of this integral consists in the
summation of the values F�x� at the points x chosen accord-
ing to the distribution R�x�.

The Monte Carlo estimate of the intensity Eq. �1� is the
sum I�qx ,qz�=VN−1�n=1

N Jn. Here N is the number of gener-
ated configurations, the nth configuration consisting of ran-
dom coordinates x , z1 , z2 and a random set of dislocations,
and Jn being the value of J calculated for this configuration
by Eq. �2�. The values of z1 and z2 are uniformly distributed
from 0 to d. The values of x are chosen according to the
resolution function R�x�. We take a Gaussian resolution func-
tion and use the random number generators readily available
for the normal distribution. The dispersion �x of the Gauss-
ian resolution function is the coherence length of the diffrac-
tion experiment. A “coherence volume” V is defined as V
=
2��xd

2. The dislocations are positioned according to the
physical model of their correlations. This calculation is ide-
ally suited for parallel implementation, since different parts
of the sum can be calculated independently. The statistical
error can also be estimated by the Monte Carlo method. It
decreases as 1 /
N with the number N of generated configu-
rations, exactly as the photon counting statistics in the ex-
periment.

As a first example, we consider correlated misfit disloca-

FIG. 1. �Color online� Peak profiles calculated by the Monte
Carlo method for misfit �a–e� and threading �f� dislocations: �a�
longitudinal scan and �b–d� transverse scans for misfit dislocations
forming a Markov chain with the random increment chosen from
the gamma distribution �the values of its parameter � are indicated�,
�e� periodic misfit dislocations with random uncorrelated shifts �the
shifts obey a Gaussian distribution with the standard deviation w�.
Threading dislocations �f� are arranged in dipoles of random orien-
tation and random width, the mean width is s.
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tions. The dislocation positions xj at the interface z=d are
generated as a stationary Markov chain: once the position of
a dislocation xj is specified, the position of the next disloca-
tion is xj+1=xj +�x, where the random increment �x does not
depend on j. Its mean is the average distance between dislo-
cations, ��x�=�−1, where � is the linear dislocation density.
We pick the random increments �x from the gamma distri-
bution and vary its parameter �. The displacements are cal-
culated, in linear elasticity, as a sum of the contributions of
the individual dislocations, U�x ,z�=� ju�x−xj ,z�, where
u�x ,z� is the displacement due to a dislocation located at
�0,d�. Explicit expressions for the displacements due to a
dislocation parallel to the free surface are well known.5

Figures 1�a�–1�d� show the calculated peak profiles for
this model. The longitudinal scan �qz scan� in Fig. 1�a� re-
veals the thickness fringes. The peak position is determined
by the mean displacement, �Q ·U�x ,z��=qz0z. Here qz0
= �	 / �1−	���Qzbx, where bx is the x component of the Bur-
gers vector and 	 is the Poisson ratio. This mean value is
calculated analytically5 and verified here by means of the
Monte Carlo calculation. All transverse scans �qx scans� be-
low are performed at the maximum of the longitudinal scan,
qz=qz0. Figure 1�b� presents the transformation of the peak
profile with the increasing order of the dislocations by vary-
ing the parameter � of the gamma distribution. Uncorrelated
dislocations ��=1, thick line� give rise to a broad Gaussian
peak.5 Correlated dislocations ��
1� result in a narrowing
of the diffuse peak and the appearance of a central coherent
peak. Satellite peaks of finite width appear for ��1 and
become narrower as � is increased. The positions of the sat-
ellites correspond to the mean distance between dislocations,
qx=2��m, where m is an integer. Very similar diffraction
patterns with broadened satellite reflections were observed
experimentally for GaSb/GaAs�001� films.13,14 Figs. 1�c� and
1�d� show that the increase in either misfit, or film thickness
or the reflection order reduces the coherent peak. The diffuse
peaks are broader in the higher-order reflections, Fig. 1�d�.
However, the angular width of the peak proportional to qx /n
remains the same with the increasing reflection order n, in an
agreement with the experiment.11,12

The shape of the diffuse peak around the central coherent
peak is close to an exponential �straight line in logarithmic
scale�. This shape is characteristic for many other
experiments,7–12,15–17 but a closer inspection shows that some
of the observed slopes are notably smaller than the ones in
Fig. 1�b�–1�d�. We therefore explore correlations of another
type in Fig. 1�e�. The dislocation positions are now obtained
by equidistant placement of the dislocations, xj = j�−1, and
the addition of uncorrelated random shifts �x with zero mean
���x�=0�. The particular distribution of the shifts does not
play a role, but the width of the distribution does. Figure 1�e�
presents the results for the Gaussian distribution of shifts
with different standard deviations w. Both the central peak
and the satellites are resolution limited. The intensity of the
satellites decreases as w is increased. The satellites vanish
when the random shifts become comparable with the mean
distance between dislocations �thick curve�.

The same Monte Carlo method can be applied to study
threading dislocations going through the film along the sur-
face normal. We restrict the analysis to the symmetric Bragg

reflection, which is sensitive to screw dislocations. We have
already found that the strain fields of threading dislocations
in epitaxial films are screened by surrounding dislocations,2

and our aim now is to propose and evaluate a physical model
of this screening. We generate screw threading dislocations
as positionally uncorrelated dislocation dipoles of random
width. The widths are taken from an exponential distribution
with the mean value s, which may be smaller or larger than
the mean distance between dislocations rd. Figure 1�f� pre-
sents the calculated peaks. When s is much smaller than the
mean distance between dislocations, the dislocation en-
semble consists of the dipoles and a sharp diffraction peak
appears �thin black line in Fig. 1�f��. In the opposite limit s
�rd, the dislocations are almost uncorrelated and the central
part of the peak is a broad Gaussian �thick line�. The curves
have a common q−3 asymptotic.2 All curves in Fig. 1�f� are
calculated for the same dislocation density. This plot shows
that the peak width can strongly vary depending on the cor-
relations between dislocations.

We apply the Monte Carlo method outlined above to
study the x-ray diffraction profiles from two GaN films
grown on 6H-SiC�0001� by molecular beam epitaxy. Details
of the growth conditions and the morphology of these films
can be found in Ref. 2. The thin �57 nm� sample in the
present work has been fabricated under the same conditions
as sample 1 in this previous work, whereas the thick �1660
nm� sample is identical to sample 2. For the thin sample, we
used Ga rich growth conditions which promote a rapid
smoothing of the growth front and minimize the density of
screw dislocations. In contrast, the near-stoichiometric con-
ditions employed for the thick sample result in a lower den-
sity of edge dislocations. The symmetric � scans were mea-
sured on a Philips XPert diffractometer in a triple-axis
configuration with a three-bounce Ge�022� analyzer.

The diffraction peaks of the thin sample, Fig. 2�a�, are
quite similar to these reported for a wide variety of epitaxial
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FIG. 2. �Color online� Symmetric Bragg peaks from �a� 57 nm
and �b� 1660-nm-thick GaN epitaxial films on 6H-SiC. Experimen-
tal �thick gray curves� and calculated �thin curves� peak profiles are
compared.
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systems.7–12,15–17 The diffraction peaks consist of a sharp
central peak and the exponentially decaying diffuse scatter-
ing. The central peak is less intense in the second-order re-
flection. A closer inspection of the central peak shows that its
angular width of 36� is about four times larger than the in-
strumental resolution. We attribute the peak broadening to
threading dislocations. Hence, we perform Monte Carlo cal-
culation taking into account both misfit and threading dislo-
cations with the respective correlations. The GaN/SiC misfit
of 3.3% is released by three �due to the hexagonal symmetry
of the interface� arrays of dislocations. The dislocation den-
sity in each array is then �d�4. In the Monte Carlo calcu-
lation, the three arrays are generated independently by dislo-
cations that are randomly shifted from periodic positions.
The standard deviation in the shifts w obtained from the fit to
the experimental curve is 0.35 of the mean distance between
dislocations. The observed central peak broadening is not
sufficient to obtain both the density of threading dislocations
and their correlations. We use the screw threading dislocation
density of 108 cm−2, as estimated from the observed density
of surface pits in atomic force microscopy, and obtain a
mean width of the dislocation dipoles of 0.4rd from the com-
parison of the experimental and calculated profiles. The cal-
culated peaks in Fig. 2�a� demonstrate the possibility to si-
multaneously simulate the misfit and threading dislocations
and to obtain characteristic correlations for both of them.

When the film thickness is increased, the diffraction in-
tensity due to the same ensemble of threading dislocations
would increase, with the shapes of the peaks remaining the
same. Quite surprisingly, however, the diffraction peaks of

the thick GaN sample, Fig. 2�b�, are much broader than the
central peak of the thin sample. Assuming that the peaks in
Fig. 2�b� are due to screw threading dislocations only, we can
determine both their density and the correlations. A separate
calculation confirms that the contribution of misfit disloca-
tions is indeed small. The calculated profiles in Fig. 2�b� are
obtained for a threading dislocation density of 1

109 cm−2 and dislocation dipoles with a mean width s two
times larger than the mean distance between dislocations.
The dislocation density is in a good agreement with the one
obtained in Ref. 2 from the double-crystal diffraction curves.
Hence, compared to the thin sample, the dislocation density
is larger by an order of magnitude, and the correlations be-
tween dislocations are notably weaker.

The sharp central peak is commonly observed in our thin
GaN samples. Its presence indicates that the displacement
fields of screw threading dislocations are strongly screened,
e.g., by formation of the dipoles. The broad peaks from the
thick samples indicate much weaker correlations. Therefore,
threading dislocations do not simply propagate through the
film but decorrelate as the film grows.

In summary, the Monte Carlo method presented here al-
lows a straightforward calculation of the diffraction profiles
for arbitrary dislocation arrays, any type of correlations, and
any diffraction geometry. With its help, we explain the line-
shape universally reported for thin epitaxial films.6–17 As in
the case of our own experimental results from GaN films on
SiC, this lineshape is caused by correlated distributions of
misfit dislocations.
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